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Exact Flavor Dependence of the S-parameter
Stefano Di Chiarar,∗ Claudio Picar,† and Francesco Sanninor‡
r CP3-Origins, Campusvej 55, DK-5230 Odense M, Denmark.
We extend the results of [1] by computing the S-parameter at two loops in the perturbative region of
the conformal window. Consistently using the expression for the location of the infra-red fixed point
at the two-loop order we express the S-parameter in terms of the number of flavors, colors and matter
representation. We show that S, normalized to the number of flavors, increases as we decrease the
number of flavors and gives a direct measure of the anomalous dimension of the mass of the fermions.
Our findings support the conjecture presented in [1] according to which the normalized value of the
S-parameter at the upper end of the conformal window constitutes the lower bound across the entire
phase diagram for the given underlying asymptotically free gauge theory. We also show that the
non-trivial dependence on the number of flavors merges naturally with the non-pertrubative estimate
of the S-parameter close to the lower end of the conformal window obtained using gauge duality [2].
Our results are natural benchmarks for lattice computations of the S-parameter for vector-like gauge
theories and together with the lower bound constitute important constraints on models of dynamical
electroweak symmetry breaking and unparticle physics.
Preprint: CP3-Origins-2010-32
I. REVIEWING THE CONFORMAL S-PARAMETER
Non-Abelian gauge theories are expected to exist in
a number of different phases which can be classified
according to the force measured between two static
sources. The knowledge of this phase diagram is rel-
evant for the construction of extensions of the Standard
Model (SM) that invoke dynamical electroweak symme-
try breaking [3, 4]. An up-to-date review is [5] while
earlier reviews are [6, 7]. The phase diagram is also use-
ful in providing ultraviolet completions of unparticle [8]
models [9, 10] and it has been investigated recently using
different analytical methods [11–21].
In [1] one of the authors derived the one loop value
of the S-parameter at the upper end of the conformal
window where the perturbative expansion in the gauge
coupling is reliable. To be more precise and avoid con-
fusion, the quantity which was studied in [1] and we are
interested in is the contribution to the vacuum polariza-
tions coming solely from a new conformal sector in the
presence of a mass deformation.
The oblique parameters S, T and U [22–25] provide a
sensitive test of new physics affecting the EW breaking
sector. In this work we concentrate on the S-parameter,
but it is straightforward to generalize the present anal-
ysis to all the other relevant parameters. The definition
of S we use is the same as in [26] which was also used in
[1]:
S = −16piΠ3Y(q
2) −Π3Y(0)
q2
, (1)
where Π3Y is the vacuum polarization of the third com-
ponent of the isospin into the hypercharge current and
∗Electronic address: dichiara@cp3.sdu.dk
†Electronic address: pica@cp3.sdu.dk
‡Electronic address: sannino@cp3.sdu.dk
we use as reference point, instead of the usual Z0 mass,
the external momentum q.
We summarize the results of [1] which made use of
the 1-loop expression for S to obtain an exact result at
the upper end of the conformal window.
We consider a sufficiently large number of flavors
N f for which the underlying gauge theory develops an
infra-red fixed point (IRFP) at a vanishingly small value
of the coupling constant. In this regime the theory is
perturbative as shown by Banks and Zaks in [27].
The quantum global symmetries are SUL(N f ) ×
SUR(N f )×UV(1) if the fermion representation is complex
or SU(2N f ) if real or pseudoreal. To make contact with
the SM, we assume ND = N f /2 doublets to be weakly
gauged. Gauge and topological anomalies can always
be canceled, if present, by adding new fermion doublets
neutral with respect to the new dynamics.
At 1-loop the S-parameter is given by [26]:
S =
]
6pi
{
2(4Y + 3)x1 + 2(−4Y + 3)x2 − 2Y log
(x1
x2
)
+
+
[(3
2
+ 2Y
)
x1 + Y
]
G(x1) +
[(3
2
− 2Y
)
x2 − Y
]
G(x2)
}
,
(2)
with
G(x) = −4√4x − 1 arctan 1√
4x − 1 , (3)
where in the above expressions Y is the hypercharge,
xi = (Mi/q)2, i = 1, 2, with Mi the masses of up- and
down-type fermions and ] = ND d[r] is the number of
doublets ND times the dimension of the representation
d[r] under which the fermions transform.
Using the 1-loop expression of the S-parameter two
independent and opposite limits can be taken: the first
in which the external momentum q goes to zero keeping
the fermion masses fixed; the second one in which the
1
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FIG. 1: Real (blue-solid) and imaginary (red-dashed) parts for
the normalized
6piS
]
parameter as function of increasing q2/m2
and ] =
N f
2 d[r]. To plot simultaneously the q
2/m2 → 0 and ∞
limits we use a nonlinear scale for the horizontal axis which is
proportional to arctan
(
q2/m2
)
.
fermion masses vanish at fixed q. These two limits do
not commute as shown in [1].
A. Sending q2 to zero at fixed fermion masses
In this limit, which is the relevant one for models of
electroweak symmetry breaking, it was found in [1] that
the S-parameter does not vanish inside the conformal
window.
Taking M1 = M2 = m, we obtain [1]:
lim
q2
m2
→0
S =
]
6pi
[
1 +
1
10x
+
1
70x2
+ O(x−3)
]
, (4)
with x = m
2
q2 . Note that the leading term in the above
formula for the S-parameter does not depend on the
value of the fermion masses. Moreover the dependence
on the hypercharge Y vanishes for M1 = M2 = m.
The reason why the S-parameter does not vanish in
this limit is that the conformal limit is not reached when
keeping the fermion masses fixed. This will in fact only
be achieved in the opposite limit when we first send
to zero the fermion mass while keeping the momentum
finite (see below).
In Fig. 1 we plot the complete 1-loop expression for
the real (blue-solid) and imaginary (red-dashed) parts of
the normalized S-parameter defined as 6piS/]. Note that
at the kinematic threshold q2 = 4m2 an imaginary part
develops, which is associated to particle production in
the fermion loop since the external momentum is suf-
ficiently large to create, on shell, a fermion-antifermion
pair.
B. Sending m2 to zero first and the conformal limit
In the opposite limit m2/q2 → 0 one finds [1]:
lim
m2
q2
→0
<[S] = x ]
pi
[
2 + log(x)
]
+ O(x2) , (5)
lim
m2
q2
→0
=[S] = x ] + O(x2) . (6)
Both the real and imaginary parts of the S-parameter are
nonzero but in this case they vanish with the mass when
keeping fixed the external reference momentum q2. This
limit corresponds in Fig. 1 to the q2/m2 → ∞ region of
the plot. Note that due to the logarithmic term the<[S]
becomes negative before approaching zero.
II. CONFORMAL S-PARAMETER AT 2-LOOPS
The 2-loops contribution to the S-parameter is given
by:
∆S =
α
4pi
]
6pi
C2 [r] δS , (7)
where α is the coupling constant of the new sector, and
C2 [r] is the quadratic Casimir of the fermion represen-
tation. This expression has been derived by adapting
the computation made by Djouadi and Gambino [28] of
the complete QCD corrections to the electroweak gauge
bosons self-energies. For completeness we report the full
expression for δS in the Appendix A corresponding to
the 2-loops technicolor contribution to the S-parameter
specialized to the case of degenerate fermion masses. In
the main text we concentrate on the asymptotic expres-
sions corresponding to the two limits q2/m2 → 0 and
m2/q2 → 0 introduced above. We also show the link
to the Peskin and Takeuchi definition of S in the Ap-
pendix B.
A. Sending q2 → 0 at fixed fermion masses
We obtain for q2/m2 → 0
lim
q2
m2
→0
δS =
17
12
+
317
720x
+
919
10080x2
+ O(x−3) , (8)
where, as above, x = m
2
q2 .
We evaluate α in (7) at the energy corresponding to
the common mass of the fermions taken to be much
smaller than the technical scale ΛU above which the cou-
pling constant stops walking and starts to run. For light
fermions this is naturally the value of the coupling con-
stant at the fixed point α∗. It is perturbatively consistent
2
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(d) SU(2) with adjoint fermions.
FIG. 2: Normalized conformal S-parameter near the perturbative upper bound of the conformal window for different theories.
to consider the 2-loops β-function to determine α at the
fixed point. We have:
α∗
4pi
= −β0
β1
, with (9)
β0 =
11
3
C2 [G] − 43T [r]N f , (10)
β1 =
34
3
C22 [G] −
(20
3
C2 [G] + 4C2 [r]
)
T [r]N f . (11)
Using this value for α, the normalized S-parameter in
the limit q2/m2 → 0 at 2-loops is then given by:
lim
q2
m2
→0
6piS
]
= 1 − 17
12
β0
β1
C2 [r] , (12)
where we kept only the leading order term in 1/x. At
this order, the S-parameter can also be re-expressed as a
function of the 1-loop anomalous dimension of the mass
γm as
lim
q2
m2
→0
6piS
]
= 1 +
17
72
γm(α∗) , (13)
with
γm(α) =
3
2
C2 [r]
α
pi
. (14)
The above expressions show that the normalized S-
parameter is a decreasing function of N f near the upper
boundary of the conformal window. This important re-
sult is in agreement with the conjecture formulated in [1].
As an illustration we plot the normalized S-parameter,
given in Eq. (12), as a function of the number of fermions
N f within the conformal window up to the critical num-
ber of fermions for which asymptotic freedom is lost in
Fig. 2 for the cases of SU(3) with fundamental fermions
and two-index symmetric fermions, and for SU(2) with
fundamental and adjoint fermions.
Note, however, that the unnormalized S shows the
opposite behavior that is it increases with the number
of fermions. This statement holds in the perturbative
regime and might happen that the full S is not a mono-
tonic function of the number of flavors.
Clearly our estimate for the S-parameter is reliable
only in the perturbative limit near the critical number of
3
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FIG. 3: Real (blue-solid) and imaginary (red-dashed) parts of
the 2-loop contribution δS to the S-parameter as a function of
q2/m2. To plot simultaneously the q2/m2 → 0 and ∞ limits we
use a nonlinear scale for the horizontal axis which is propor-
tional to arctan
(
q2/m2
)
.
fermions above which asymptotic freedom is lost.
B. Taking m2 → 0 first and the conformal limit
In the opposite limit of m2/q2 → 0 we find:
lim
m2
q2
→0
<[δS] = −9x
4
[
−7 + 2pi2 + 8ζ[3]−
−2 log(x)(3 + log(x))
]
, (15)
and
lim
m2
q2
→0
=[δS] = 9pi
2
x
(
3 + 2log(x)
)
, (16)
for the real and imaginary part of δS respectively. This
is consistent with the 1-loop result which shows that an
imaginary part develops and correctly vanishes in the
small mass limit at a finite value of q2.
We then plot the complete 2-loops expressions for the
real and imaginary parts of δS in Fig. 3. As for the one
loop case the imaginary part of S vanishes for q2/m2 < 4
while it is non zero above this kinematic threshold as-
sociated to particle creation. At 2-loops a logarithmic
divergence emerges in the real part at the same kine-
matic threshold. The appearance of this logarithmic di-
vergence in the perturbative expansion at order O(α) is
well known in the literature of QCD corrections to elec-
troweak parameters, see e.g. [29, 30]. The origin of this
enhancement near the kinematic threshold of the 2-loop
diagrams can be traced back to the Coulomb singular-
ity [31].
III. ON THE S-PARAMETER LOWER BOUND AND THE
LINK TO GAUGE DUALITY
As we decrease the number of flavors, within the con-
formal window, we have shown that the normalized S
is increasing as we decrease the number of flavors. This
statement is exact in perturbation theory and lends fur-
ther support to the claim made in [1] according to which
the unity value of the normalized S-parameter consti-
tutes the absolute lower bound across the entire phase
diagram.
In formulae the S-parameter satisfies:
Snorm ≡ 6piS
]
≥ 1 when q
2
m2
→ 0 . (17)
Beyond perturbation theory it has also been shown [2]
that near the lower bound of the conformal window the
S-parameter can be estimated via gauge duality [32–34].
There is, in fact, the fascinating possibility that generic
asymptotically free gauge theories have magnetic du-
als. These are genuine gauge theories with typically a
different gauge group with respect to the original elec-
tric theory and matter content. The full theory possesses,
however, the same flavor symmetries. At low energy the
electric and magnetic theory flow to the same infrared
physics. The computation of the S-parameter would
be then possible, in perturbation theory, near the lower
bound of the conformal window since the dual gauge
theory there is expected to be in a perturbative regime.
As argued in [32–34] a candidate gauge dual theory to
QCD in the conformal window, i.e. an SU(3) color the-
ory with a sufficiently large number of massless Dirac
flavors (N f ), transforming according to the fundamental
representation, is constituted by an SU(X) gauge group
with global symmetry group SUL(N f )×SUR(N f )×UV(1)
featuring magnetic quarks q and q˜ together with SU(X)
gauge singlet fermions identifiable as baryons built out
of the electric quarks Q. Since mesons do not affect di-
rectly global anomaly matching conditions we can add
them to the spectrum of the dual theory. In particu-
lar they are needed to let the magnetic quarks and the
gauge singlet fermions interact with each others. The
new mesons will be massless and have no-self poten-
tial to respect the conformal invariance of the model at
large distances. We added to the magnetic quarks gauge
singlet Weyl fermions which can be identified with the
baryons of QCD but are, in fact, massless. The generic
dual spectrum is summarized in table I.
The `s count the number of times the same baryonic
matter representation appears as part of the spectrum of
the theory. Invariance under parity and charge conju-
gation of the underlying theory requires `J = ` J˜ with
J = A,S, ...,C and `B = −`D.
The simplest mesonic operator is M ji and transforms
simultaneously according to the antifundamental rep-
resentation of SUL(N f ) and the fundamental represen-
tation of SUR(N f ). These states are not constrained by
4
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Fields [SU(X)] SUL(N f ) SUR(N f ) UV(1) # of copies
q 1 y 1
q˜ 1 −y 1
A 1 1 3 `A
S 1 1 3 `S
C 1 1 3 `C
BA 1 3 `BA
BS 1 3 `BS
DA 1 3 `DA
DS 1 3 `DS
A˜ 1 1 −3 `A˜
S˜ 1 1 −3 `S˜
C˜ 1 1 −3 `C˜
Mij 1 0 1
TABLE I: Massless spectrum of magnetic quarks and baryons
and their transformation properties under the global symmetry
group. The last column represents the multiplicity of each state
and each state is a Weyl fermion.
anomaly matching conditions and they mediate the in-
teractions between the magnetic quarks and the gauge
singlet fermions via Yukawa-type interactions.
Near the lower end of the conformal window the mag-
netic S-parameter, i.e. the S-parameter computed in the
magnetic theory, is [2]:
Sm = Sq + SB + SM , (18)
with Sq, SB and SM the contributions coming from the
magnetic quarks, the baryons and the mesons respec-
tively. In [2] it was considered the case in which we
gauge, with respect to the electroweak interactions, only
the SUL(2) × SUR(2) subgroup where the hypercharge is
the diagonal generator of SU(2)R. In this case only one
doublet contributes directly to the S-parameter and we
have [2]:
6pi
3
Sm =
X
3
+
`C + `BA
3
+
25
729
`BS
(
32 log 2 − 39) − 0.14 .
(19)
From this expression is evident that the present defini-
tion of the normalized S-parameter counts the relevant
degrees of freedom as function of the number of flavors.
We estimated Sm [2] using the possible dual provided in
[32] for which X = 2N f −15, `A = 2, `BA = −2 (we take +2
since we are simply counting the states) with the other
`s vanishing. Asymptotic freedom for the magnetic dual
requires at least N f = 9 for which 6piSm/3 = 1.523 while
if the lower bound of the conformal window occurs for
N f = 10 we obtain 6piSm/3 = 2.19. Of course, only
one of these two values should be considered as the ac-
tual value of the normalized magnetic S-parameter near
the lower end of the electric conformal window. It is
quite remarkable that the computation in the magnetic
theory in [2] yields an estimate which is consistent with
the lower bound and the perturbative computations pre-
sented here.
How can we connect the conformal S with the one below the
conformal window?
As we decrease the number of flavors we cross into
the chirally broken phase and conformality is lost. Below
the critical number of flavors corresponding to the lower
bound of the conformal window, a dynamical mass of
the fermions is generated. In the broken phase we should
compute the S-parameter, in the zero momentum limit,
with the hard mass of the fermions replaced by the hard
plus the dynamical one. We noted in [1] that this indi-
cates that the broken and symmetric phases are smoothly
connected when discussing the normalized S-parameter.
Therefore we expect the lower bound on the normal-
ized S-parameter to apply to the entire phase diagram
concerning asymptotically free gauge theories. We elu-
cidate the above picture in Fig. 4.
The presence of a lower bound does not contradict
the statements made earlier in the literature that the S-
parameter in near conformal theories can be smaller than
the one in QCD [35–38]. A reduction of Snorm with re-
spect to the QCD value is possible but should not violate
the bound (17) suggested in [1]. In particular we do not
expect a negative S-parameter to occur in an asymptot-
ically free gauge theory. While we work in a controlled
regime in which our prediction for the flavor dependence
of the S-parameter is exact we note that such a depen-
dence has been long sought after. In fact many estimates
have been provided in the literature using various ap-
proximations in field theory [39] or using computations
inspired by the original AdS/CFT correspondence [40]
in [41–46]. Recent attempts to use AdS/CFT inspired
methods can be found in [47–53].
Our present results, by further strengthening the lower
bound conjecture [1], have a strong impact on the con-
struction of models of dynamical electroweak symme-
try breaking. In fact they show that one family tech-
nicolor models are strongly disfavored with respect to
precision data. However walking technicolor models
with the smallest number of techniflavors gauged under
the electroweak symmetry are favored by precision tests
[11, 54–65]. These include models of partially gauged
technicolor [12, 55, 66, 67] in which only two technifla-
vors are electroweak gauged.
We can straightforwardly extend the present findings
to the case in which different matter representations are
considered. An example is ultra minimal walking tech-
nicolor [68]. In fact, the effects of the fermion transform-
ing according to the matter representation, which is sin-
glet with respect to the SM interactions, at the two-loops
level affects only the value of coupling at the IRFP while
the functional form of the normalized S-parameter (12)
remains unchanged. The presence of the extra matter
representation is to push the IRFP closer to the pertur-
5
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Snorm ￿ 2 (QCD)
Snorm = 1
Snorm = 1− 17
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C2[r] = 1 +
17
72
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Snorm ￿ 1.53 (gauge− dual)m
m+mdyn
FIG. 4: Cartoon of the dependence of the normalized S-
parameter (Snorm) on the number of Dirac flavors transform-
ing according to the fundamental representation of the SU(3)
gauge theory across the phase diagram. The solid oblique line
corresponds to the points where the theory looses asymptotic
freedom. Chiral symmetry breaks below the dashed line while
the conformal window is between the two lines. Snorm = 1 at the
upper end of the conformal window and it increases according
to the formulae (12) and (13) when decreasing the number of
flavors. This result is exact within the perturbative regime.
The estimate at the lower end of the conformal window has
been derived using gauge duality in [2]. The QCD value is
reported too. Below the conformal window a dynamical mass
is generated (on the top of the bare mass m) and it is expected
to vanish smoothly across the lower boundary suggesting that
the S-parameter is smooth too.
bative regime thereby reducing, for a given number of
flavors gauged under the electroweak, the associated S-
parameter. Needless to say the universal bound still
holds. The generalization to symplectic and orthogo-
nal technicolor gauge groups [15] is straightforward and
the results interesting since orthogonal technicolor mod-
els [69] have already been proposed in the literature.
In the future we plan to generalize the present anal-
ysis at nonzero temperature, matter density, and finite
volume.
The results obtained in the limit of sending to zero the
mass of the fermions at a nonzero external momentum is
also interesting since it applies immediately to models of
unparticle physics with unparticle matter gauged under
the weak interactions.
IV. CONCLUSIONS
The exact 2-loop results presented here provide a nat-
ural benchmark for lattice computations [70–111] of the
S-parameter for vector-like gauge theories featuring an
IRFP. To be specific we suggest to study the S-parameter
for SU(3) gauge theory with 16 and 12 fundamental fla-
vors on the lattice and to compare the results with our
exact predictions. This comparison will serve as a rel-
evant test of the hypothesis of conformality in a con-
trollable manner. Deviations from the perturbative esti-
mate and the absolute lower bound [1] can be tested for
any gauge theory investigated on the lattice such as the
phenomenologically relevant (Next) Minimal Walking
Technicolor [11, 55] models.
Furthermore by determinig the value of the S-
parameter on the lattice one can test weak-strong gauge
duality as suggested in [2].
Our results lend strong support to the existence of a
universal lower bound for the normalized S-parameter
[1] which can be used to identify models of dynamical
electroweak symmetry breaking and unparticle physics
not in contradiction with electroweak precision measure-
ments.
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Appendix A: 2-loops expression for the S-parameter
In this Appendix we report the complete expression
for the 2-loops contribution to the S-parameter defined
in Eq. (1). The formula for δS given in Eq. (7) has been
obtained using the results of Djouadi and Gambino [28].
For equal up- and down-type fermions masses M1 =
M2 = m , the expression for δS reads:
δS =
3x
4
[
12(2x − 1)
(
Li3
(
y2
)
+ 4Li3(y) + 2ζ(3)
)
− 8√1 − 4x
(
Li2
(
y2
)
+ 2Li2(y)
)
− 4x + 21
+ 2 log(−y)
(
(8 − 16x)
(
Li2
(
y2
)
+ 2Li2(y)
)
− √1 − 4x(8 log(1 − y) + 16 log(1 + y) + 2x − 9)
)
+ 2 log2(−y)
(
(4 − 8x)
(
2 log
(
1 − y2
)
− log(1 − y)
)
+ 2x(x + 2) + 6
√
1 − 4x − 3
)]
, (A1)
where
y =
4x(√
1 − 4x + 1
)2 , x = m2q2 , (A2)
q is the external momentum flowing in the vacuum po-
larization diagrams and Lin(z) =
∑∞
k=1 z
k/kn is the poly-
6
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logarithm function.
Appendix B: Peskin - Takeuchi S-parameter
The S-parameter as defined by Peskin and Takeuchi in
[22]
SPT = −16pi∂Π3Y(q
2)
∂q2
∣∣∣∣∣
q2=0
, (B1)
can be easily recovered from the one defined by He,
Polonsky and Su [26], in the limit q2 → 0 of (1). Ex-
plicitely, at one loop from (2) we have:
SPT =
]
6pi
{
1 − 4Y log
(M1
M2
)}
. (B2)
At 2-loops the expression for SPT is easily obtained from
the (7) and (8) for the special case of degenerate fermion
masses M1 = M2, while in the general non-degenerate
case we obtain:
δSPT =
17
12
− 3Y log
(M1
M2
)
. (B3)
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